CYCLOTOMY WHEN ¢ IS COMPOSITE*

BY
L. E. DICKSON

1. Introduction. This paper is a sequel to two earlier ones.{ Let p be a
prime and ¢ a divisor of p—1=¢f. We seek the ¢* cyclotomic constants
(k, k). The difficulties increase roughly as e increases, but more exactly with
Euler’s function ¢(¢). We have ¢(e) <4 only when e=1-6, 8, 10, 12; for each
of these ¢’s a simple complete theory was given in D. It is known that ¢(e)
iseven if e>2. We have ¢(¢) =6 only when e=7, 9, 14, 18; ¢(¢) =8 only
when e=15, 16, 20, 24, 30; ¢(e) =10 only when e=11, 22. The case in which
e is a prime or a double of a prime was treated in T.

Here we give a simple complete theory for e=9 and the further facts suffi-
cient for a complete theory for e=18. We have overcome difficulties which
did not arise in the earlier papers. We treat briefly the five cases having
¢(e) =8; there is now trouble in the determination of a unit factor.

2. Subdivision of periods. Let d be any divisor of ¢ and write E=¢/d. In
the definition of the e periods 7, replace e by E and f by df; we get the E
periods

d—1
M Yi= 2 fism (k=0,---,E—1).

7==0
By T, (3),

E—-1

YoV, = Z (k, R)e¥Ynr+const., Yi=m+ e+ --- .
h=0

The general term of the product is

e—1

namirie = o (kB + JE — tE, n)papk + const.

na=(
Let 0=k <E, 0=k<E. By the terms in 7,,
d—1
(k, B)g = > (k + jE — tE, h — tE).
t,j=0

Since the two arguments may be reduced modulo e,

* Presented to the Society, April 20, 1935; received by the editors March 18, 1935.
1 These Transactions, vol. 37 (1935), pp. 363-380, cited as T. American Journal of Mathematics,
vol. 57 (1935), cited as D.
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d—1
) (k, W) = 3_ (k + rE, k + sE).
r,8=0
This proof is much simpler than that in D, §14, for the case d =2.

The primitive eth roots of unity satisfy an equation of degree ¢(¢) with
integral coefficients. Its roots are 8%, where 0 <k <e and k is prime to e. For
the field of rational numbers, the general substitution of its Galois group G
is induced by the replacement of 8 by 8*. Hence the latter yields a true rela-
tion when applied to a known one. But this may not be the case when % is
not prime to e.

In T, (7), take e=dE, m=dM. In the terms with j=¢E, - - - ,tE+E—1,
take j=J+¢E and apply 8¢ =1 and (1). We get

E—-1 d—1 E—-1

2B D nrvw = 3 BMY; = ¢(BY),

J=0 =0 J=0
where B=8¢ is a primitive Eth root of unity. Evidently ¢(B¥) is derived
from F(B™) in T, (7), by replacing e by E, 8 by B, n by Y. Hence F(34¥)
=¢(BM). Then T, (8), gives

(3) R(d') ds, B)e = R(" S, BE.
PArT I. THEORY FOR ¢=9

3. The functions R(m, n). If p=9f+1=prime, ¢ is even. When S is re-
placed by 7, where j is prime to 9, it is known that R(m,n) becomes R(jm, jn),
which is called a conjugate to R(m, n). If m is prime to 3, we can choose j so
that jm=1 (mod 9). Hence unless 7 and # are both multiples of 3, R(m, n)
is conjugate to a certain R(1, —). But R(1, 1)=R(1, 7) is conjugate to
R(4, 28) =R(1, 4). Also R(1, 6) =R(1, 2) is conjugate to R(5, 10) =R(1, 5)
=R(1, 3). Hence every R(m, n) is conjugate to one of R(1,1), R(1, 2), R(3, 3).

We readily find R(3, 3). By (32)-(34) of D,

“ 2R(1,1)s =L+ 3M +68M, M = (0,1); — (0, 2)s,

(5) 4p = L2 + 27M?, L=90,0;—p+8=7 (mod9).
By (3), R(3, 3)s=R(1, 1, 8%);, whence
6) 2R(3,3) =L+ 3M + 68°M.

Jacobi* noted that if a»~=1, a1, and if v is an imaginary cube root of
unity, then

M F(a)F (va)F(y?a) = a*™pF(af), = g™’ (mod p).

* Journal fiir Mathematik, vol. 30 (1846), p. 167.
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We may take y =, a =034, p=F(84)F(3°). We get
R, 7) = B3™'R(3, 5); R(1,1) = R1,7),
R(3, 5,8 = R(6,1) = R(1, 2),
® R(1,2) = B%»'R(1, 1, B?).

4. Determination of the 81 cyclotomic constants (&, %) =kk. The equali-
ties T, (4), between the (k, %) become for e=9

11 = 08,18 = 12,22 = 07, 23 = 17, 27 = 24, 28 = 13, 33 = 06,
34 = 16, 35 = 26, 37 = 25, 38 = 14, 44 = 05, 45 = 15, 46 = 25,
47 = 26, 48 = 15, 55 = 04, 56 = 14, 57 = 24, 58 = 16, 66 = 03,
67 = 13,68 = 17,77 = 02, 78 = 12, 88 = 01, kk = kk.

The linear relations T, (5), now become

8 7
SO,k =f—1, 014+084+2012)+ X 1, k) =7,
h=0 h=3

) 02+ 07 +12 4+ 13+ 17 + 2(24) + 25+ 26 = f,
03406+ 13+ 14+ 16+ 17 + 25 + 26 + 36 = f,
04+ 05+ 14+ 2(15) + 16 + 24 + 25 + 26 = f.
The sum of the last four less the first is
3124+ 134+ 14+ 154+ 16 + 17 + 24 + 25 + 26)
= 3f + 1+ (00) — (36).
In (4) and (5) we have by (2),
(11) (0, 0)s = (0, 0) + 3(0, 3) + 3(0, 6) + 2(3, 6),
(12) M =01—02+ 04— 05+ 07 — 08 + 2{13 —14 + 16 — 17 + 25 — 26}.

(10)

Using T, (8), and checking by T, (16), we get after using

(13) B+ Bt +1=0,
5 5

(14) R(1,1) = X cff, R(@1,2) = 2 bib,
i=0 =0

co = (00) — 3(06) + 2(36),

61 = 01 + 04 — 2(07) + 2(13) — 4(16) + 2(25),

ca = 2(02) — 05 — 08 + 4(14) — 2(17) — 2(26), ¢s = 3(03) — 3(06),
o= — 01 + 2(04) — 07 + 4(13) — 2(16) — 2(25),

cs = 02 + 05 — 2(08) + 2(14) + 2(17) — 4(26);
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bp=00—01—04 — 07 4+ 13+ 16 4+ 25 — 36,

b5, =01+4+05—07 — 08+ 12 — 2(15) + 16 — 17 + 24 — 25 + 26,

bp=01+4+02—04—08 — 12+ 13 — 14 4+ 2(15) — 24 — 25 + 26,

by=—014+02—-—04+05—-07+08+4+ 13 — 14416 — 17 4+ 25 — 26,

b¢g=02+04—07 — 08+ 2(12) — 13 — 14 — 15+ 16 — 24 + 26,

bs=—04+4+054+07—08+12+ 13+ 15— 16 — 17 — 2(24) + 26.

These twelve equations with the five in (9), and (11), (12), uniquely de-
termine the nineteen “reduced” (%, %) involved in them and hence all the 81
cyclotomic constants.

We first give combinations which involve 01 and 08, 02 and 07, 04 and

05 only in their sums, which we eliminate by (9). Then 2b,—bs is seen to in-
volve the left member of (10), whence

(15) 2bo — bs = 1+ 3(0, 0) — 3(3, 6).
From this, (11), ¢, and ¢; we get
9(0, 0) = 2(2bp — b3 — 1) + (0, 0)3 — ¢35 + 2co,
9(0, 6) = (0, 0)s — co — ¢,
a17) (0, 3) = (0, 6) + 1cs, (3,6) = (0, 0) — %(260 — b3 — 1).

These known (0, 3f) and (3, 6) are allowed in later answers. The new com-
binations are

by — b = 3(1,2) — 6(1,5) + 3(2,4), be+ bs — b1 = 3(1,2) + 3(1,5) — 6(2,4),
a1 —c=3(1,3) —6(1,4) — 3(1,5) — 6(1,6) + 3(1, 7) + 3(2, 4)
+ 3(2, 5) + 3(2, 6),

ba— c1 = 3(1,2) — 3(1, 3) + 6(1, 6) — 3(2,4) — 3(2, 5),

cs — b =3(1,4)+ 3(1,5) +3(1,7) — 3(2,4) — 6(2,6),

ce+bs = 3(1,2) + 6(1, 3) — 3(1, 6) — 3(2,4) — 3(2, 5),

A=3{M+ 26+ f—1—3(0,0) — 03 — 06+ 23, 6)}
= 2(13 + 16 + 25) — 14 — 17 — 26.

(16)

From these and the fourth in (9), we get

(18) 9(2,6) =2B—C, 9(1,6) =B+ C+ 3D,

(19) 9(1,3) = B+ C + 3D +G, 92,5)=B+C—-6D -G,
B=H—}Cs—b)+ f— 03— 06— 36,
C=4—H+3cs— b)), D=%0be—c1— b+ b)) —2H,
G=cot+bs—bi+t o, H=34{bi+bs—br— (b — bs)} = 15 — 24.
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Next, (10) yields
3(154 164 26) = f+ (1 4+ 00 — 36 + b2 — by — ¢s + b1)
+ H+ D,

which gives (1, 5). Then H gives (2, 4). Then b,—b, gives (1, 2). We get (1, 4)
from

(21) 2H4+%(ci—ce—cs+ b)) = 13 — 3(1,4) — 2(1, 6) + 25 + 3(2,6).

Then ¢s— b, gives (1, 7). Finally; 01 and 08, 02 and 07, 04 and 05, whose sums
are known by (9), are determined by them and ¢y, ¢4, bo.
5. Congruences. After reductions by 8°=1, but not by (13), let

(20)

8
R(1,n) = > BB,
=0

By* T, (17) and (18),

8 8 8
(22) > Bi=—1, > iB; =0, > i2B; =0 (mod 3).
E)

=0 =0
We now reduce by (13) and get

5
R(1,n) = >, Ci, Co= By— Bs, C: = By — By, Ca = By — B,

=0
Ca=Bs—Bc, C4=B4—B7, C5=Bs—Bs.
Hence (22) give

5 5 5
(23) > Ci=—1, > iC;=0, > iC;=0 (mod 3).
=0 =0 =0

These are equivalent tof
(24) Co+CaE—1, C1+C4EO, C2+C550 (mod3).
For R(1, 1), ¢s=0 (mod 3). By the fourth and first of (9),

=S O RN +G6 - =36—00-1=0 (md3)
h=1

by (10). Using also (24) in small letters, we see that for R(1, 1)

(25) cw=—1,a=c,c=0,c4=—c¢, = — 01 (mod 3).

* Our conclusion is not altered by the fact that if 7, s is 3, 6 or 6, 3, the six numbers in T, (20),
now coincide in sets of three. The last two in (22) are multiples of 9.
t For R(1, 2) every linear congruence modulo 3 is a combination of (24).
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In Lemmas 1, 2, and their proofs, the summation index takes the values
0,1,---,5.

LeMMA 1. Let 3 D;5%0 (mod 3) in P=)_D,8'. Then +B"P =) CB satis-
Jies the first two congruences (23) for a single choice of the sign and for a single
determination of n modulo 3.

We have BP =) S, where

So = — Ds, S1 =Dy, S; = Dy, S3 = Dy — D5, S¢ = D3, S5 = D,,
2.Si=2.Di > iSi=Dy—Dy+ Dy —Dy= Y. iD; + > D; (mod 3).
Hencein 8*P =) _¢.8¢, )

doi=2D; >isi=p,iD;+ny. D;=0 (mod 3)
by choice of #, uniquely modulo 3.

LeMMA 2. Let C =Y _C.B' satisfy the first two congruences (23). By Lemma 1,
also B3C and B°C satisfy the same congruences. At most one of C, B°C, B¢C satisfy
also C3=0, C,#0.

In 63C=ZT,'ﬁi,
To= —'Cs,T1= —C4,T2= —C5,T3=C0—C3,T4=C1—C4,T5=C2—C5.

Hence in B6C =) _U,8¢, Uy=Cs—Co, Us= —C,. If two of Cs, Ts, Us are multi-
ples of 3, then Co=C;3;=0 (mod 3) and the coefficients of both 8° and 8 in
C, B3C, B¢C are all multiples of 3.

Lemmas 1 and 2 yield

THEOREM 1. At most one of +[3°P satisfies congruences (25).

6. Class number. If ¢ is any prime, the field defined by exp 277/g* has the
discriminant™® D = +¢™, where m =¢*~'(kg—h—1) and the sign is plus except
when ¢*=4 or ¢=3 (mod 4). But Minkowski proved that every ideal class
contains an ideal whose norm is < (+D)Y2. For ¢*=9, the latter is 3%2<140.3.
Tablest show that every prime <1000 is a product of actual complex primes,
whence every integer <1000 is a product of principal ideals. Thus every ideal
is a principal ideal.

THEOREM 2. The field of the ninth roots of unity has the class number 1.

7. Complex factors of primes p =9f+41. To p corresponds a polynomial
L(B) with integral coefficients which is a complex prime such that p is the
* Kummer. See Hilbert’s Report on algebraic numbers, Jahresbericht der Deutschen Mathemati-

ker-Vereinigung, vol. 4 (1894-95), p. 332.
t C. G. Reuschle, Tafeln Complexer Primzahlen, 1875, pp. 173-75.
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product of a unit and the L(8¢) fori=1, 2,4, 5, 7, 8. Evidently the only pos-
sible factorizations

(26) p = uf(B)f(8~1), » = unit, f(B) with factor L(B),
have the following four forms of f(8):
(D LE)LBHLBY; (IT) L(B)L(B*L(BY);
(II1)  L(B)L(B*)L(BT); (IV)  L(B)L(B*)L(B).

Since (IV) is unaltered when S is replaced by 3% or 87, it corresponds to
R(3, 3). When B is replaced by 8%, (III) becomes (II), (II) becomes (I), and
(I) becomes the complement L(8%) L(8*) L(8? to (III).

8. Diophantine equations determining R(1, 1). Asin T, §13, »=1in (26),

while v = + ¢ is the only unit such that
5

@7 p =F@F@™, FB) =f(B) = 2 cb'.

=0
By (13) this product is the sum of (28) and
B+NA4+B*+B8HB+ @B +pt=—8—p"1—p6—p7C,
where
(28) p=zs:c,2—co433—clc4—¢:2cs, A=C, B=C,

=0
(29) A = coc1 + 162 + cacs + c3ce + cucs,
(30) B = ¢oc2 + c163 + caca + cscs, C = cocs + ¢165 + cocs.

By Theorem 1 there is at most one choice of » in (27) such that the ¢;
satisfy congruences (25), which must hold if F(B8) serves as R(1, 1). Replace
B by 82 and write F(8%) =>_b,3". Then

(31) bO = Cop — C3y by = Csy b2 = (1 — Cy4 b3 = — (3, b4 = (g, b5 = — (4.

Evidently (28)-(30) hold when the c; are replaced by these b;. If the c; satisfy
congruences (25), also the b; satisfy them.

We saw that R(1, 1) is the product of a unit by (I), (II), (III), or one of
their complements, the six being permuted when f is replaced by 2.

THEOREM 3. Equations (28) have exactly six sets of integral solutions satisfy-
ing congruences (25). These sets are derived from any one set by applying the
powers of substitution (31) of period 6. Any of the six sets may be chosen as the
coefficients of R(1, 1) = c,f. Then (8) gives R(1, 2). Except for the double sign
of M, R(3, 3) is defined by (5) and (6). Then all the cyclotomic constants are
determined as in §4.
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The ambiguity in R(3, 3) may be removed by using*
(32) R(3, 3) = ™ R(1, DR(1, 2, 8)/R(1, 2),
viz.,
BS™'F(B%)F (8%) = F(B)F(B*),

which follows from (8).
- il Theorem 3 permits a six-fold choice for R(1, 1). This is in accord with the
fact that 8 may be chosen as any of the six roots of (13). The cyclotomic con-
stants themselves have a six-fold ambiguity involved in the choice of the
primitive root g of . When g is replaced by a new primitive root g7, R(1, 1)
becomes R(¢, £) =R(1, 1, B¢), where t&r=1 (mod 9). But ¢ ranges with » over
the six integers <9 and prime to 9. By (28),
33) 4p =C¢ +C? + CF + 3(cd + ¢c& + ),

) Co = 2¢9 — C3,y C1 = 2¢ — C3, Cs = 2¢5 — cs.
By (25), C1=3y, C2=3z, cs=3w, where v, 3, w are integers. Thus
(34) 4p =C2 4+ 9(y? + 22) 4+ 27Tw? + 3c¢ + 3¢cs?, Co=1, ca =c¢s (mod 3),
so that the five congruences (25) reduce to two after choosing our new varia-
bles.

PArT II. THEORY FOR ¢=18

e 9. Unless m and # are both even or both multiples of 3, R(m, =) is con-
jugate to some R(1, —) and hence to a single one of

(35) R(1, 1), R(1, 2), R(1, 3), R(1, 4), R(1, 5), R(1, 9).

The R(3x, 3y) are conjugate to R(3, 3), R(3, 6), or R(6, 6). The R(2r, 2s) are
given by (3). By T, §10,
R(1,9) = g*=R(1, 1), R(1,4) = (— 1)/87°"R(1, 1),
R(2,8) = (— 1)/B*"R(1, 1).

We regard R(1, 1), as known by Theorem 3. Then our R(2, 2) is known.
Replacing 8 by 8%, we get R(8, 8) =R(2, 8). Thus (36) give R(1, 1), R(1,9),
R(1,4). In (7) we may take y =08, a =07, p=F(8")F(8'), and get

(37 R(1,13) = g7*~'R(3,11),  R(1,2) = B*~R(1, 4, ),

(36)

since the latter is derived from the former by replacing 8 by 8. By the value
of R in terms of F, we get

* In case M is not divisible by 9, the change of the sign of M subtracts M from A above (18)
and hence from C, whence by (18) the solution (26) is an integer for a single choice of + M.
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(38) R(m, )R(n, m + 1) = R(m, n)R(m + n, 1),

(39) R(1, 9)R(1, 5) = R(1, DR(2,4), R(2,3)R(,5) = R(1, 3)R(2, 4).
By the first and (365), and then by the second,

(40) R(1, 5) = (— 1)/8°"R(2, 4), R(1, 3) = (— 1)/8*"R(2, 3).

We now know all functions (35) except R(1, 3). While the case R(1,2) R(1, 3)
=R(1,1) R(2, 2) of (38) gives R(1, 3), it is not found linearly.
10. We prove the following theorem:

THEOREM 4. If [x] denotes the least positive residue of x modulo e, we have
the following decomposition into prime ideals:

(41) R(h, t) = + B f(B%), iZ=1 (mod ¢),
where 3 ranges over those positive integers <e and prime to e such that
(42) [rz] + [tz] > e.
Let r and g be primitive roots of
=1, g7 1=1(mod p), p =e¢f + 1.
Write (r) =F(r—™) F(r—)/F(r—m"), where m and » are positive and <p—1.
Jacobi noted that
V(@) =0@mod p) ifm—+n>p—1.
Write
r7 =8, g/ =u (mod p), m= hzf, n=1zf (mod (p — 1)).

Then r—m=p%2 r—7»=p¢ and B is a primitive eth root of unity. Thus ¢(r)
becomes R(%, ¢, 7). Since m/f and n/f are positive integers <e and are con-
gruent modulo e to 4z and ¢z, respectively, m+n>p—1 is equivalent to (42).
Then R(A, ¢, #7) =0 (mod p). This implies* (41).

Since R R(k, t) =p if R=R(h, t, 3-1), the solutions z of

(43) [#z] + [1z] < e

yield the factors of R. We pass to the factors of R(k, #) itself if we replace

f(8) by f(81).
11. For e=18, we use (43) and see that R(1, 3) and R(6, 6) are both prod-

* For ¢ a prime, Kummer, Journal fiir Mathematik, vol. 35 (1847), p. 362, where there are two
misprints of m for p in the second line. Since we are taking his f=1, the periods » are the powers of «,
and the symbolic “f(e) =0 (mod g) for n=2,” on p. 339 now means f(%,)=0 (mod ¢) in the ordinary
sense. For ¢ composite, Kummer, Mathematische Abhandlungen, Akademie der Wissenschaften,
Berlin (for 1856), 1857, p. 45, where he used (43).
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ucts of f(B) f(8") f(B*) by units +p°. Hence R(1, 3) =B*R(6, 6). Replacing
B by B3, we get

R(13,3) = (— 1)/R(2, 3) = BBR(6, 6).
Then (40,) gives 12k+6m=0 (mod 18), k=m+3¢. We omit the indirect de-
termination of ¢, yielding
(44) R(1, 3) = £ gm+n'R(6, 6).

Since we know all the R(m, ), we can find the cyclotomic constants as
inDorT.

Parrt III. THEORY FOR ¢(e) =8, e=15, 16, 20, 24, 30
12. Let a, b, ¢, d denote the positive integers <e/2 and prime to e. Then
a'=e—a, - - -, d =e—d give the integers >e¢/2 and prime to e. Then p is
the product of eight prime ideals f(3%), denoted by Z, for Z=a, - - -, d'.
The following give F(B) in the only decompositions p=F(8) F(3~!), where
F(B) is a product of four of the prime ideals, one of which is f(8%):

I, II: a,b,c,dor d’; III, 1IV:a,b,c,dord;

V, VI: a, b, ¢,dord’; VII, VIII: a, b’,¢’,d or d’.
If F=F(B) is such a product of four, the product F(3~') of the complemen-
tary set of four is denoted by F’.

13. Case e=16. Every* ideal is a principal ideal (or the class number
is1).In §12,a=1,b=3,c=5, d=7. For the equation having the eight roots
8%, k odd and <16, the Galois group G for the domain of rational numbers is
generated by
(46) (Bﬁsﬂ9ﬁll) (ﬂ5ﬂl561367) , (33589313) (6331561137) .

These induce the respective substitutions
(II V/ VIII III)(I VII to I')(IV)(VI to VI'),
(II III’ VIII V)(I VII' to I')(IV to IV')(VI).

Each R(m, n) is conjugate to one and only one of R(1,7),7=1,2,3,6,7,

R(2,2),R(2,4),R(2,6), R(4,4). By T, (48)—(51),
(48 (—1YR(1,6) = R(1,9) = g*"R(2,2), R(1,7) = (= 1)/8*"R(1, 1),
where gm»=2 (mod p). Applying Theorem 4 with (42) replaced by (43), we
see that, apart from unit factors + g7,
R(1,1) = VII, R(1,2) = VIII, R, 3) = III, R(1, 6) = IV,
R(2,2) = R(2,6) = R(1, 6), R(4,4) = R(2,2) = VI,
* Weber, Algebra, 2d edition, vol. 2, 1899, p. 808, foot-note.

(45)

47
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after a proper choice of f(8) among the eight prime factors.

Consider the Diophantine equations found as in §8. A set of integral solu-
tions which gives rise to 8 distinct sets under the group G generated by (46)
may be taken as the coefficients of R(1, 3). After choice of 8 among the eight
roots of the octic satisfied by 8*, k odd and <16, we may assume that R(1, 3)
is the product of a unit +p¢and III, rather than another of II, III, V, VII
or the complements II’, - - - in the cycles of four in (47).

This unit is partially determined as follows. Write

16
(49) R = (— 1)¥R(1,n) = > B#,
fu=0
without reduction by 88=—1. Asin T, §3,
(50) > Bi=p—2, > iB;=0(mod16), D *B;=0 (mod 8).
After reduction by 88= —1, we get »

7
(51) R=2.C#', Ci=B;— Bys,
=0
(52) 2C=1, 2ii=C+C+C+Cr=0  (mod?2).
By the difference of the last two in (50) taken modulo 4, we get
(53) C:+Cs+Ce+Cr=0 (mod 2).
Consider any polynomial (51,) with Y C; odd. Then
7
BR=ZD:’5“, Dy = —C7, D; =C; (i=1,...’7)’
=0
A=D1+D3+Ds+D;=Co+Ca+Cie+Ce=1+s (mod 2),

where s=C;+C3;+Cs+C. Hence if s=1 (mod 2), SR has A=0 (mod 2).
Hence by choice between R and SR we may assume that s=0 (mod 2) in R.
Then

7
BR =D Hf, Hy=—Cs, Hi=—Ci, Hi=Cio (i=2,---,17),
=0
Hi+Hs+ Hs+H;=C1+C35+Cs —Cr:=0 (m0d2),
0=Hy+ Hs+ Hse+ H=Co+C1+C¢+Cs=1+1¢ (mod 2),
where ¢t=C,+C3+Cs+Cr. Hence if ¢ is odd, 6 is even. Hence just one of
R,BR, B?R, R is a polynomial ) _C.8 for which the three congruences (52)
and (53) hold, viz.,

(54) C1+C5§C3+C7EC2+CGE1+C0+C4 (mod2).
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These four sums remain unaltered modulo 2 when we replace R by 8*R. Thus
R(1, 3) is determined® up to a factor 34. We have not undertaken the in-
vestigation similar to that in §5, but much longer, to find further linear con-
gruences which determine j. For a given p, j is probably determined by the
formulas expressing (0, 0) or other cyclotomic constants (%, %) in terms of the
coefficients of the R(m, n).

The R(2x, 2y) are known by the theory for e=8 in D. Then (48) gives
R(1, 6). We get R(2, 3) from

(55) R(1, 6) = R(33, 22) = R(2, 3, B').

The above discussion yielded R(1, 3) and hence its conjugate R(11, 33)
=R(1,11)=+R(1,4). We get R(1, 1) and R(1, 2) from

(56)  R(1, 3)R(1, 4) = R(1, DR(2, 3),  R(1,2)R(1, 3) = R(1, YR(2, 2).

Also R(1,7) is known by (48). We now have a conjugate to every R(m, n) and
can find the (, 4) by linear equations as in T.

14. Case e=135. Let d,, dz, D be the discriminants of the fields defined by
a primitive nth root of unity for n=3, 5, 15, respectively. Then D =d,*d,? by
Hilbert’s Report, loc. cit., p. 267. By §6, di=—3, d2=>5% Thus DV/2=1125.
By Reuschle’s Tables, every integer <1000 is a product of principal ideals.
If this were verified on to 1125, Minkowski’s theorem (§6) would show that,
in the field of the fifteenth roots of unity, every ideal is a principal ideal. A
complete proof may be made by use of the real subfield of degree 4 as by
Weber, loc. cit.

The R(m, n) are conjugate to a single one of R(1,7),7=1, - - -, 5, R(3, 3),
R(5, 5). The last two may be regarded as known by (3).

Consider (7) withy =8°, a =8¢ or 8, p=F(a) F(a~'). We get
(57 R(1,3)=87"RG3,3), R(,6,8) = R@&09) =R, 2).
Expressing the former in terms of F’s we get

R(l, 6) = B—3m’R(3, 4).

By the case 24-16=12-34 of (38), we get
(58) R(2,4) = R(1, 2,8 = B*™R(1, 2).

In (41) denote f(8%) by Z and use (43). Then, apart from factors +4,

R(1,1) =1-4-8-13, R(1,2) =1-2-4-8, R(1,3) =1-8-11-13,
while R(1, 4) has the same factors as R(1, 2), and R(1, 5) the same as R(1, 1).

* Likewise R(1,5). While the factor for R(1,4) is 874, R(1,1) is uniquely determined. See the
later formulas.
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Hence
(59) R(1,5) = £ B*R(1, 1).

Expressing the R’s in terms of F’s, we see that R(2, 5) = +8+R(1, 8). Replac-
ing B by B2, we get R(1, 4) = +8%2R(1, 2). The case R(1,4) R(1, 5)=R(1, 1)
-R(2, 4) of (38), and (58) give 3x=3m' (mod 15), whence x =m'+S5y.

In a formula due to Jacobi, loc. cit., p. 168, take A =5 and replace 8 by (3,
a primitive fifth root of unity. Then

(60) F(a)F (B%)F (B%a)F (B°)F (8"%a) = oM p*F (a¥)
if 5=g¥ (mod p), a?»~'=1. We take
b= F(a)F(a_l)x p= F(B3a)F(B%a1),

and have two equal products of three F’s. Take a=3"! and divide by F(8'!)
-F(B8%). We get

R(5, 8) = B"MR(1,10), or R(2,8) = BMR(1,4) = + B?2BMR(1, 2).
Replacing 8 by 8%in the earlier R(1, 4), we get
R(2,8) = £ B*R(2,4) = % B*B*™'R(1, 2).
Hence SM =2x+3m’ (mod 15). Thus y=m’'—M (mod 3),
x=6m"—5M.

In §12,a=1, b=2, ¢ =4. By the replacement of 8 by either 82 or 87, I, IV,
VI, VII (or their complements) are permuted in a cycle of four, while III
and VIII are interchanged, and V is unaltered (or goes to V’). After a choice
of B among the eight 8%, & prime to 15 and £ <15, we may take R(1, 1) to be
aproduct of a unit +B¢by VI (rather than I, IV or VII). An equivalent choice
for the Diophantine equations found as in §8 is that a set of integral solu-
tions, which give rise to 8 distinct sets under the transformations induced by
the Galois group generated by the replacements of 8 by 8% and 37, may be
taken as the coefficients of R(1, 1). But the unit factor cannot be determined
as heretofore since there exists no linear congruence modulo 3 or 5 between
the coefficients of R(1, 1), after* reduction to a polynomial of degree 7 in 3.

If we waive this difficulty and regard R(1, 1) as known, we have R(1, 5)
by (59), R(1, 3) by (57), and find R(1, 2) by (562). Then R(1,4) = +2*R(1, 2).
We now know a conjugate to every R(m, n).

15. Case e=20. The R(m, n) are conjugate to R(1, j), j=1-5, 8, 9,

* Before that reduction by the octic in 8, we have the congruences T, (18), and see that T,
(69)—(71), apply also here.



200 L. E. DICKSON

R(2, 2), R(2, 4), R(2, 8), R(4, 4), R(5, 5). The last five are found by (3).

R(I) 8) = * anmR(Z) 8)7 R(l’ 9) = =% Bsz(l’ 1)'

By (60) with 3? replaced by B4, we get R(2, 7) =rR(1, 2), r=35¥. Then (38)
gives R(3, 6) =7R(1, 6). The factorizations into prime ideals yield only the
facts that R(1, 3)/R(1, 1), R(1,8)/R(1, 2), R(2, 2)/R(1, 2) are units. The lat-
ter are found from one by use of (56,), 1819 =12-28, and R(2, 8) =B*¥R(2, 2).

16. Case ¢e=24. The R(m, n) are conjugate to R(1, 7), j=1-11; R(2, j),
j=2,4,6,8,10; R(3,3), R(3, 6), R(3,9); R(4, 4), R(4, 8), R(6, 6), R(8, 8). By
(7) with a=8", y=p%, R(1, 6) =3 R(3, 6). Expressed in F’s, the latter
gives R(1, 9) == R(1, 2, B7).
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